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ABSTRACT: In order to understand a boundary description of Hawking radiation in the
AdS/CFT correspondence, we investigate the trace anomaly method in AdSs space. In this
method, Hawking radiation is derived from the trace anomaly of the energy-momentum
tensor in the bulk. We find a correspondence between the energy-momentum tensor and
a composite operator in CFT; and understand the anomalous properties of the energy-
momentum tensor in terms of this composite operator. By using this correspondence,
we reproduce Hawking radiation from the boundary description. In addition, we find a
correspondence between higher-spin currents in the bulk and composite operators in the
boundary.
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1. Introduction

Black holes are an important topic in the study of quantum field theory. By considering
quantum effects of matter field in a black hole background, it is argued that black holes
evaporate through Hawking radiation [l ff]. In case of a complete evaporation, the informa-
tion in the matter which composes the black hole apparently disappears and it seems that
unitarity is broken. This problem is called the information paradox and it should be re-
solved by quantum gravity or string theory. One possible solution for this issue is proposed
in the AdS/CFT correspondence in string theory [J-[]. In the AdS/CFT correspondence,
the dynamics of supergravity fields in the asymptotically AdS space is described by the
corresponding boundary conformal field theory which preserves unitarity. Therefore we
can expect that the black hole evaporation would also be understood as a unitary process
in the boundary. In order to achieve this proposal, it is important to understand how to
describe Hawking radiation in terms of the boundary conformal field theory. The purpose
of this letter is to find the boundary description of Hawking radiation via the trace anomaly
method which was shown by Christensen and Fulling [f].

Christensen and Fulling calculated the energy flux which black holes radiate by study-
ing anomalous properties of energy-momentum tensor of free massless matter fields. If we
consider a black hole in an asymptotically AdS space, such matter fields in the bulk can
be described by the corresponding boundary operators [{, fl]. We will investigate the rep-
resentation of the matter energy-momentum tensor in terms of the boundary operators by
employing the bulk-boundary correlation function correspondence [§—[(]], and will express
the anomalous properties in the bulk in terms of the boundary operators.



Furthermore, we can reproduce the full spectrum of thermal Hawking radiation by
calculating anomalies in higher-spin currents. This derivation is a generalization of the
trace anomaly method [[[T], [J]. In order to reproduce it, we will discuss the construction
of these higher-spin currents from the boundary operators.

In this letter, we study a black hole in 2 dimensions for simplicity and assume the
existence of the corresponding one dimensional conformal field theory. Such duality is called
AdS,/CFT; correspondence [[J, [[4] and recent developments are in [[§—PJ. The outline
of this letter is as follows. In section 2, we introduce the two dimensional AdS black hole.
We briefly explain the trace anomaly method in its context and calculate the energy flux
from the energy-momentum tensor in the bulk. In section 3, we show that the bulk energy-
momentum tensor can be represented in terms of the corresponding boundary operators
and reproduce the calculation of the trace anomaly method in terms of the boundary.
In section 4, we argue the construction of the higher-spin currents from the boundary
operators. Section 5 is discussions and conclusions. In the appendices, we review some
properties of the AdS/CFT correspondence and a massless scalar field in two dimensions.

2. Trace anomaly method in two dimensional black hole

In this letter, we study the following two dimensional metric [[[(]*
ds* = —f(r)dt* + f(r)"tdr?, (r >0), f(r)=r*—r (2.1)

This metric can be obtained through the dimensional reduction of a BTZ black hole [RJ]
and it is equivalent to Rindler coordinates on AdSs. The position of the horizon rq is
related to the BTZ mass as M = r%/8G3 in units where three dimensional cosmological
constant is unity and the surface gravity x is given by x = 9. The tortoise coordinate 7,
is defined by

dr 1 r—ro

= =y , 2.2
" flr)  2rg Ogr—i—ro (2:2)

in the outer region (r > r¢). Note that r, is always negative and behaves r, — 0 as r — 0.
We define (u,v) coordinates as u = t — r, and v = t + r,, and the Kruskal coordinates
(U,V)as U =—e " and V = .

Now we derive Hawking radiation through the trace anomaly method [f]. We consider
a two-dimensional free massless scalar field in the black hole background (R.1). We will cal-
culate the vacuum expectation value of the uu component of the matter energy-momentum
tensor? (T'(u)) which represents the out-going energy flux. Note that our system is not
an actual black hole but a Rindler space and the terminology “Hawking radiation” is not

L AdS> is also obtained in the near-horizon metric of Reissner-Nordstrom black holes (see for exam-
ple [@]) We can apply the argument of this letter to this system also and obtain a similar result.

?We can define two energy-momentum tensors for a massless field in two dimensional theory. One is
called holomorphic energy-momentum tensor and another is covariant energy-momentum tensor (see [@]
for more details). In this letter, we mainly consider the holomorphic energy-momentum tensor. We will
discuss the difference between these two tensors in section 5.



correct in this sense. However, the flux (T'(u)) is related to energy flux radiated from the
BTZ black hole [R5, ] and we use this terminology in this letter.

The energy-momentum tensor satisfies the trace anomaly T, = cR/24m in general,
where ¢ denotes the central charge which is 1 in our case and R denotes the background
curvature. By using this equation, we can exhibit an anomalous transformation of the
holomorphic energy-momentum tensor 7'(z) under a conformal map z — w(z):

2
(%‘;’) T(w) = T(z) + ﬁ{w, z}. (2.3)

Here {w, z} is the Schwarzian derivative,

w" 3 /w 2
=———-|— . 2.4
wa) =2 -3 (L) (2.4
Now we apply this anomalous transformation law (-3) to a coordinate transformation from
(u,v) to the Kruskal (U, V'), and obtain

L oo

2772 _ _
kUT(U) =T (u) T

(2.5)

We consider the vacuum expectation value of this equation. Then we notice that (T(U))
diverges at the horizon U = 0 unless the right-hand side is zero. Since Kruskal coordinates
have no singularity at the horizon, (T'(U)) should be finite there. This regularity of (T'(U))
determines the value of (T'(u)) as k?/487 near the horizon. In addition, the background
metric does not depend on the time ¢. Therefore (T'(u)) does not depend on the time as
well. It implies

(T(w) = 1, (2.6
in the outer region of the black hole. We can show that this flux is consistent with the
thermal radiation of the free massless scalar field from a black body with temperature
x/2m [B, Bf). We conclude that the anomalous transformation (.J) and the regularity
condition reproduce Hawking radiation.

3. Boundary description of bulk energy-momentum tensor and Hawking
radiation

We now discuss boundary description of Hawking radiation via the Lorentzian AdS/CFT
correspondence [§, BT, BJ. We have shown that the energy flux associated with Hawking
radiation can be derived from the anomalous transformation of the energy-momentum
tensor. We will derive the boundary description of the energy-momentum tensor and then
discuss the interpretation of Hawking radiation in terms of boundary operators.

The holomorphic energy-momentum tensor of a free massless scalar field ¢ in the bulk
is constructed as

0 T €

T(u) =: Oyd(u,v)0y¢(u,v) := 2131 <8u¢(u +¢/2,0)0,0(u —€/2,v) + %%) . (3.1)



Here we have employed the point splitting method to regularize the singularity of the
correlation function. We consider the boundary description of this bulk operator. It
is known that bulk correlation functions of free scalar fields are expressed in terms of
correlation functions of boundary operators in general [§—[L(](See also appendix [A.1]). In
our case, the bulk correlation function of ¢ can be represented by

(p(u1,v1)¢p(uz, v2)) = /dtl/dt2K(t1|U1,Ul)K(t2|U2,1)2)<O(751)O(t2)>- (3.2)

Here O(t) is the boundary operator dual to ¢(u,v) in the AdSs/CFT; correspondence
and it has conformal dimension 1 as in (A.2). K(#|u,v) is the smearing function of the
normalizable mode of ¢ which is given by

K(t'u,v) = % (O —u) — (' — ). (3.3)

See appendix [A.2 for the derivation of this smearing function.
Now we can relate the bulk energy-momentum tensor to the boundary correlation
function. By employing (B.2), the vacuum expectation of (B.1]) is represented by

(T(u)) =lim [/ dr1dT20, K (11 |u + €/2,0)0, K (m2|u — €/2,0v){(O(11)O(12)) + %%

e—0 T E
11

L [<o<u +€¢/20(u —¢/2)) + — 5| .

7 im (3.4)

In this equation, since the singular part of the correlator (O(u + €¢/2)O(u — €/2)) behaves
—1/me? [L0, [4], the right-hand side of the last equation can be regarded as an expectation
value of a regularized composite operator in the boundary and we define it as (: OO(u) :).
Then this equation becomes simply

(T(w)) = 3(: OO(w) ) (35)
and it implies that the bulk energy-momentum tensor (T'(u)) at (u,v) (or equivalently
(t,r.)) is related to the boundary composite operator +(: OO(u) :) at u =t — r,.

According to the correspondence (B.J), the derivation of the Hawking radiation in
the previous section should be reproduced in terms of the boundary. Now we confirm it
explicitly. First we consider a coordinate transformation w +— U(u). Then the operator
O transforms as O™ (u) = 9,UOW)(U), since it has conformal dimension 1, and we can

rewrite (B.4) as
(: O0(u) :)

OuU(u+€/2)0,U(u — €/2)

= lim
e—0

U (U(u+e W (U(u—e ! :
><<<0 (U(ut¢/2) 0 (U /2))>+7r(U(u+6/2)—U(U_€/2))2>

19,U(u+¢/2)0,U(u—¢/2) 11
T (U(u+¢€/2) —U(u—€/2))2 7€




10,U(u+¢/2)0,U(u—e/2) 11 (3.6)
T (U(u+e/2) —U(u—e/2))2 me2| .

= (0,U)* (: 0V oW)(U) 2y — lim

e—0

Here we have denoted the terms in the first parenthesis as (: OWOW)(U) ), since it is a
regularized operator with respect to U coordinate. In addition we can show that the last
term in (B.g) becomes

I 1 0,U(u+¢/2)0,U(u—e/2) 11
20| 7 (Ulu+¢/2) — Ulu—¢/2)2 mé2

={U,u}/6m.

Thus (: OO(u) :) has an anomalous transformation property equivalent to that of the
bulk energy-momentum tensor (B.3) and we can obtain an equation similar to (-J) in case
U(u) = —e "

Now we consider a coordinate transformation V = —1/V, then the metric (B.1]) be-
comes
4dUdV
ds® = ————. (3.7)
(V-0)

This metric is the Poincaré coordinate in the light-cone gauge and the boundary is given
by V = U. Then we know that a point V = U = 0 in the boundary is not a special
point. Therefore (: OWOW)(U) :) should be regular at this point® and this regularity
condition requires

2

(T'(u)) = i( O0(u) ;) = —{U,u} /247 = 4";—71 (3.8)

This is the boundary derivation of the energy flux and this result is consistent with the
previous result (R.). We can conclude that the Hawking radiation is derived from the
anomalous transformation (B.6) of the boundary operator and the regularity.

Lastly we comment about the locality of the relation (B.§). The equation (B.J) relates
a local correlation function in the bulk with a non-local operator in the boundary. On the
other hand, the equation (B.§) is a correspondence between a bulk local operator and a
boundary local operator. This is because the bulk operator is holomorphic and depends
on u only. On the other hand, we can derive a similar correspondence for anti-holomorphic
operator (T'(v)) = 1(: OO(v) :) and, in order to obtain all components of the bulk energy-
momentum tensor at (¢,7), we have to know the information of the boundary operators
at t £ 7, (see figure 1.). Thus the local information of the bulk still corresponds to the
non-local information of the boundary.

4. Boundary description of bulk higher-spin operators

In this section, we discuss the construction of higher-spin operators in the bulk from bound-
ary operators. We can define holomorphic higher-spin operators which generate W, alge-
bra as

Imn(w) =: 05 ¢(u,v)0;, p(u,v) : . (4.1)

30ur regularity condition corresponds to a global AdS vacuum condition in [E]
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Figure 1: The correspondence between the bulk operators at (¢,7.) and the boundary operators
at (t = r.). Note that r, is always negative.

These currents satisfy anomalous conformal transformations [[[f]] and these transforma-
tions are related to generalized trace anomalies [R4, Rd, B0]. As in (B.5), we can construct
corresponding boundary composite operators,

1
(S (u)) = Z< (=)™ =rO" L O(u) ). (4.2)
It is easy to show that these boundary operators satisfy the same conformal transformations
to the corresponding bulk operators as in (B.6). The relation between the anomalous trans-
formations for the higher-spin currents and the full spectrum of thermal Hawking radiation

has been shown in [, [, B1]]. Thus we can reproduce it from the boundary operators also.

5. Conclusions and discussions

In this letter, we found the correspondence between bulk and boundary composite oper-
ators. If bulk operators are holomorphic or anti-holomorphic, they correspond to local
operators in the boundary and if they are not holomorphic, they correspond to non-local
operators in general. Such correspondence will be important in the study of AdS,/CFT;.

By employing this correspondence, we evaluated the expectation value of the bulk
energy-momentum tensor in terms of the boundary operator and reproduced the energy
flux through Hawking radiation. The anomalous transformation of the boundary composite
operator (B.4) is related to the energy flux. This understanding will be helpful for the study
of the black hole thermodynamics through the boundary CFT. However, the meaning of
the anomalous transformation in the boundary CF'T; is not clear, since we have not used an
explicit construction of the CFT;. The anomalous transformation of the energy-momentum
tensor (R.3) is derived from the trace anomaly T*, = cR/24r in the bulk and it will be
interesting to find a corresponding physics in the boundary.

It will also be interesting to investigate applications of our study to other instances
of the AdS/CFT correspondence, especially AdS;/CFT, and AdS3/CFTs. In these cor-
respondences, we know the corresponding CFT better than CFT; and it is possible to



construct concrete corresponding composite operators. Besides we can compare the point
splitting regularization in this letter with the previous regularization in the AdS/CFT [BZ].

We have discussed the out-going energy flux. Now we mention the in-going flux which
corresponds to (T'(v)). We can show that (T'(v)) = (: OO(v) :) as in (B.). Note that
1(: OO(u) :) is given by £? /487 and it implies that (: OO(v) :) is also x*/48m. Thus the
in-going energy flux from the outside of the black hole balances the out-going flux from the
black hole and the total energy flux becomes 0. This result means that the vacuum we have
selected is the Hartle-Hawking vacuum [Bd, B4]. In black hole physics, we can also consider
the Unruh vacuum [Bg] in which the in-going flux vanishes at infinity. It will be interesting
to investigate the construction of the Unruh vacuum in the AdS/CFT correspondence.

Recently a new interpretation of Hawking radiation was proposed by Robinson and
Wilczek [B6-[0). They divided the region outside the horizon into two regions: near
horizon region and the other region, and omitted the in-going modes in the near horizon
region. Then the gravitational anomaly appeared there and they derived the energy flux as
in the trace anomaly method. By applying this prescription to our study, it may be possible
to understand this method in terms of boundary theory. However, the reason for omitting
the in-going mode in the near horizon region is not clear in boundary description. In [[IJ,
[, B, the relations between bulk correlation functions inside the horizon and boundary
correlation functions were studied. Thus by considering these studies, it will be interesting
to investigate whether the gravitational anomaly near the horizon actually appears or not.

Lastly, we discuss the relation between the covariant energy-momentum tensor and
the holomorphic energy-momentum tensor which we have studied in this letter. In (B.1),
we regularized the energy-momentum tensor such that it satisfies the holomorphy. As
a result, the regularization breaks covariance under conformal transformations and the
anomalous term (the Schwarzian derivative) appears in (B.J). On the other hand, it is
possible to regularize the energy-momentum tensor such that it satisfies the covariance [24].
We denote the covariant energy-momentum tensor as T, (u,v) and the relation between
these two energy-momentum tensors is given by,

_ (o2 1 2
Toal:0) = T + 5= (Oh(u0) - 5@uplu ) (5.1
Here we have rewritten the metric as ds2 = —e?(“?) dudv. This relation implies that the

covariant energy-momentum tensor depends on the value of the background metric. Thus
in order to describe this covariant operator in terms of boundary operators, we have to
express the metric by boundary operators and it will be difficult in general.

Note that if we evaluate the vacuum expectation value of the covariant energy-
momentum tensor (p.J) in the coordinate (2.I]), we can show that it becomes 0. This
is one feature of radiation in Rindler space.
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A. Derivation of smearing function

A.1 Correlation function correspondence in AdS/CFT

In this appendix, we briefly summarize some properties of the Lorentzian AdS/CFT dual-
ity [B7, B§, f] and correspondence between bulk and boundary correlation function.

Free massless scalar fields in AdS space have two solutions: a normalizable mode and
a non-normalizable mode. The non-normalizable mode has a non-zero classical value at
the boundary and it acts as a source which deforms the CF'T. Thus we do not consider the
non-normalizable mode in our study. The normalizable mode of the free massless scalar
field behaves as

¢(z,z) — 2% () (A.1)

near the boundary of AdS;,1. Here z is a radial coordinate which vanishes at the boundary
and z is a d dimensional coordinates. This behavior shows that this field corresponds to a
boundary operator O which has conformal dimension A = d [, f

do(x) = O(a). (A.2)

Then we have a correspondence between the local field in the bulk and a non-local operator
in the boundary by employing a smearing function K (2/|z, x),

d(z, ) < /d:n'K(:E'|z,3:)(9(:E'). (A.3)

Note that K(a2'|z,z) is different from the bulk-boundary propagator for the non-
normalizable mode in [f]. By using this relation, we can evaluate the bulk correlation
function in terms of the corresponding boundary correlator [§—[L0],

(@21, 1) (22, 22)) = /dw'l/dw'zK(:U'll%$1)K($'2|Z2,$2)<(9($'1)(9($'2)>- (A.4)

By using this relation, we describe bulk composite operators in terms of corresponding
boundary operators.

A.2 Smearing function for two dimensional free massless scalar field

We show a derivation of the smearing function (B.3) for two dimensional free massless field
¢. The equation of motion for ¢ in (u,v) coordinate is given by

Then the solution is written as
d(u,v) = fu(v) + fulu). (A.6)

Here u =t —r, and v =t + r,, and 7, corresponds to z in the previous subsection. f, and
fu are arbitrary analytic functions which will be fixed by boundary conditions. We can
expand this solution with respect to r, near the boundary,

$(u,0) = folt) + fult) + 74 (OFu(t) = Ofult)) + O(rF). (A7)



On the other hand, the normalizable mode for this field satisfies the boundary condition

¢(u, v) = Tcho(t). (A.8)
It implies f, = —f, and Of, = ¢o/2. Then the solution can be described as
o) = [ dton®) = [ Koo (A9
and we obtain the smearing function ([A-3) for this solution as
K(u,v) = % (O — u) — 0(F — ), (A.10)

Here 6(t) is the step function,
>
o(t) = { (1) (t20) (A.11)
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